Introduction
This paper is a contribution to the project [9] , [8] , [1] , [13] of explaining why no satisfactory system of complete invariants has yet been found for the torsion-free abelian groups of finite rank n~>2. Recall that, up to isomorphism, the torsion-free abelian groups of rank n are exactly the additive subgroups of the n-dimensional vector space Qn which contain n linearly independent elements. Thus the collection of torsion-free abelian groups of rank 1 <~r<~n can be naturally identified with the set S(Q n) of all non-trivial additive subgroups of Qn. In 1937, Baer [3] solved the classification problem for the class S(Q) of rank-one groups as follows.
Let P be the set of primes. If G is a torsion-free abelian group and Or then the p-height of x is defined to be h~;(p) = sup{nE N I there exists yE G such that p"y = x} E NU{c~}; and the characteristic X(x) of x is defined to be the function ( hx(p) l pe P) e (NU{oc}) p.
Two functions X1,)~2 E (NU{oc}) p are said to be similar or to belong to the same type, written ~(1-X2, if and only if (a) Xl(p)=x2(p) for almost all primes p; and (b) if XI(P)r then both Xa(P) and X2(P) are finite. Clearly --is an equivalence relation on (NU{oo}) p. If G is a torsion-free abelian group and 0r then the type r(x) of x is defined to be the --equivalence class containing the characteristic X(x).
Research partially supported by NSF Grants. Now suppose that GES(Q) is a rank-one group. Then it is easily checked that ~-(x) =T(y) for all 0~x, yEG. Hence we can define the type ~-(G) of G to be ~-(x), where x is any non-zero element of G. In [3] , Baer proved that T(G) is a complete invariant for the isomorphism problem for S(Q).
THEOREM 1.1 (Baer [3]). If G, HES(Q), then G~-H if and only if ~-(G)=T(H).
However, the situation is much less satisfactory in the case of the torsion-free abelian groups of rank n~>2. In the late 1930s, Kurosh [15] and Malcev [16] found complete invariants for these groups consisting of equivalence classes of infinite sequences (Mp I PEP) of matrices, where each MpEGLn(Qp). However, as Fuchs [7, Section 93] remarks, the associated equivalence relation is so complicated that the problem of deciding whether two sequences are equivalent is as difficult as that of deciding whether the corresponding groups are isomorphic. It is natural to ask whether the classification problem for S(Q n) is genuinely more difficult when n~>2; or whether, on the contrary, there exists
an "explicit" map f: S(Qn)-+S(Q) which reduces the classification problem for S(Q n) to that for S(Q); i.e. which has the property that A~-B if and only if f(A)~-f(B).
To give a precise formulation of this question, we need to make use of the notion of Borel reducibility.
Let X be a standard Borel space; i.e. a Polish space equipped with its Borel structure.
Then a Borel equivalence relation on X is an equivalence relation EC X 2 which is a Borel subset of X 2. If E, F are Borel equivalence relations on the standard Borel spaces X, Y respectively, then we say that E is Borel reducible to F and write E~<B F if there exists a Borel function f: X--+ Y such that x E y if and only if f(x)Ff(y). We say that E and F are Borel bireducible and write E~B F if both E <~ • F and F ~< B E. Finally we write E < B F if both E~<~ F and F ~s E. Most of the Borel equivalence relations that we shall consider in this paper arise from group actions as follows. Let G be a locally compact second countable group. Then a standard Borel G-space is a standard Borel space X equipped with a Borel action (g,x)~-+g.x of G oi1 X. The corresponding G-orbit equivalence relation on X, which we shall denote by E x, is a Borel equivalence relation. In fact, by Kechris [11] , E X is Borel bireducible with a countable Borel equivalence relation; i.e. a Borel equivalence relation E such that every E-equivalence class is countable. Conversely, by Feldman-Moore [6] , if E is an arbitrary countable Borel equivalence relation on the standard Borel space X, then there exists a countable group G and a Borel action of G on X such that E=E x.
To see how the classification problem for torsion-free abelian groups fits into this con- It is clear that (---n)~<B (------~+1) for all n~> 1; and our earlier question on the complexity of the classification problem for S(Q ~) can be rephrased as the question of whether (~I)<B (~) when n~>2. In order to explain the solution of this problem and to be able to formulate the main open problems in this area, it is first necessary to give a brief account of some of the general theory of countable Borel equivalence relations. (A detailed development of the theory can be found in Jackson-Kechris-Louveau [10] .)
The least complex countable Borel equivalence relations are those which are smooth; Kechris-Louveau [10] .) For example, E~ is Borel bireducible to both the isomorphism relation for finitely generated groups [22] and the isomorphism relation for fields of finite transcendence degree [23] .
In [9] , Hjorth-Kechris conjectured that (~)~BE~ for all n~>2. Of course, if true, this would explain the failure to find a satisfactory system of complete invariants for the torsion-free abelian groups of rank n~>2, since nobody expects such a system to exist for the class of finitely generated groups. In [8] , Hjorth provided some evidence for this conjecture by proving that E0<B(~n) for all n~>2. (For n~>3, Hjorth proved the stronger result that ~n is not treeable. More recently, Kechris [13] has shown that ---2 is also not treeable. See [9] or [10] for a discussion of the notion of treeability.) Later in ~-~* ~-< ~-~ ~ for all n~>l; and using Theorem 1.1, it is easily Of course, it is clear that ~--,).~B ~--,~) seen that (~)'-~BE0, and so (~'),-~B(~l). But, apart from these easy observations, essentially nothing else was known. The main result of this paper says that (~:~)~B (~2).
Thus ~2 is not a universal countable Borel equivalence relation, and so the HjorthKechris conjecture is false. As an immediate consequence, we obtain that the classification problem for S(Q 3)
is strictly more complex than that for S(Q2). Theorem 1.4 is an easy consequence of Theorem 1.6. But before we can state Theorem 1.6, we need to recall some notions from ergodic theory and group theory. Let G be a locally compact second countable group and let X be a standard Borel G-space.
Throughout this paper, a probability measure on X will always mean a Borel probability measure; i.e. a measure which is defined on the collection of Borel subsets of X. The probability measure p on X is said to be non-atomic if #({x})=0 for all xEX; and p is said to be G-invariant if In the first three sections of this paper, we shall only discuss countable groups equipped with the discrete topology. In w we shall also need to consider various linear algebraic groups G(K)<. GLn(K), where K is either R or a finite extension of the field Qp of p-adic numbers for some prime p. In this case, G(K) is a locally compact second countable group with respect to the Hausdorff topology; i.e. the topology obtained by restricting the natural topology on K "2 to G(K). Any topological notions concerning the group G(K) will always refer to the Hausdorff topology. (i) Each GEX is rigid.
(ii) There exists an SL3(Z)-invariant ergodic non-atomic probability measure p on X. [] This paper is organised as follows. In w we shall discuss the notion of a cocycle of a group action and state the two cocycle reduction results which are needed in tile proof of Theorem 1.6. In w we shall prove Theorem 1.6; and in w we shall prove our main cocycle reduction result.
Suppose that (-----~)~<B(~2). Then there exists a Borel function f: X--+S(Q 2) such that G~-~H if and only if f(G)~2f(H). If G is E~CL~(z)-equivalent to H, then G~H and so f(G)~-2f(H)
Finally we shall say a few words about some very recent work [21] in which it is shown that (~n)<B(~n+l) for all n~>l. Hjorth's result that (~1) <B (-------2) depends essentially upon the fact that SL2(Z) is non-amenable, while GLI(Q)=Q* is amenable. In this paper, the proof that (~2)<u(~3) is based upon the fact that SL:~(Z) is a Kazhdan group, while GL2(Q) does not contain any infinite Kazhdan subgroups. However, we could also have based our proof upon Zimmer's superrigidity theorem for cocycles [25, Theorem 5.2.5], which can be used to distinguish between SL,,(Z)-spaces and SL,,+I (Z)-spaces for all n~> 2. In fact, the main obstruction to an understanding of the complexity of the isomorphism relation (-~,) for n ~> 3 lies in the field of abelian group theory. The proof of Theorem 1.6 makes heavy use of Krdl's analysis [14] of the automorphism groups and endomorphism rings of the torsion-free abelian groups of rank two; and no such analysis exists for the groups of rank n~>3. In [21] , we were able to get around this difficulty by initially replacing the isomorphism relation on S(Q') by the coarser relation of quasiisomorphism. However, we should point out that the shift from isomorphism to quasiisomorphism comes at a cost. In this paper, the proof yields an explicit decomposition of ~2 as a direct sum of amenable relations and orbit relations induced by free actions of homomorphic images of GL2(Q); but it does not seem possible to extract an analogous decomposition of ~n for n~>3 from the proof in [21] .
Cocycles
In this section, we shall discuss the notion of a cocycle of a group action and state the two cocycle reduction results which are needed in the proof of Theorem 1.6. (Clear accounts of the theory of cocycles can be found in Zimmer [25] and Adams-Kechris [1] .
In particular, Adams-Kechris [1, Section 2] provides a convenient introduction to the basic techniques and results in this area, written for the non-expert in the ergodic theory of groups.) Let F be a countable group and let X be a standard Borel F-space with an invariant probability measure #. 
Torsion-free abelian groups of rank two
In this section, we shall prove Theorem 1.6. For each l=l, 2, let Sz(Q 2) be the GL2(Q)-invariant Borel subset consisting of the groups GES(Q 2) of rank I. In the proof of Theorem 1.6, we shall quickly reduce to the case when f: X-+S2(Q2). Following KrS1 [14] , our analysis of the groups GES2(Q 2) will split into various cases depending on the structure of certain invariants T(G) and C(G), which we shall now describe. So let GES2(Q 2) be a torsion-free abelian group of rank two. Then
T(G) = {a I there exists O~aEG such that T(a) = a}
denotes the set of types which are realised in G. If Or then the pure subgroup of G generated by a consists of those elements cEG such that there exist k, IEZ with k~0 such that kc=la. Now let a, bEG be a basis of G and let A, B be the pure subgroups of G generated by a, b respectively. Then G/(A+B) is a torsion group. In fact, by KrS1 
Proof. Let A, B be torsion-free abelian groups of rank one such that T(A)----a and

T(B)=b. Then each such group G can be realised up to isomorphism as an extension
O--+ A| F ~O
of AOB by a suitably chosen finite abelian group F. Fix a finite abelian group F and let F=(~:= 1Ci be a decomposition of F into a direct stun of cyclic groups Ci of order mi.
Then by Theorems 7.14 and 7.17 [19] , k k 
Extz(F, A@B) ~-H Extz (C~, AOB) ~-l'I ( A /mi A )| B/mi B).
{T(a),T(b)I={T(C),T(d)}.
Since the similarity relation -on (NU{cxD}) p is hyperfinite, it follows easily that there exists a Borel action of the amenable group H= (Z x Z)• Sym (2) 
It is easily checked that if x satisfies (*) and xEy, then y also satisfies (.). To simplify notation, we shall assume that (.) holds for all xEX. Clearly there exists a Borel subset XlCX with #(X1)>0 and a fixed element CePGLu(Q) such that B(x)=r for all xeX1.
Since # is ergodic, #(F. X1)= 1; and so we can also assume that X1 intersects every F-orbit on X.
Let {TrnlnEN} be a fixed enumeration of F with 7r0=l; and for each xEX, let Xl=ZCn.X, where n is the least integer such that 7Cn.XEX1. Notice that for each xEX, Case (III) . Suppose that IT(Gz)I=I for all xEX; say, T(G~)={a~}. Arguing as in Case (I), we can suppose that there exists a fixed type a such that a~=a for all xEX. After slightly adjusting f if necessary, we can also suppose that for all xEX, the standard basis elements el, e2 of Q2 are contained in Gx and that el, e2 realise the same characteristic in G~. (With a little more effort, we could even reduce to the case when the characteristic realised by el, e2 in G~ is fixed for all xEX. However, this extra uniformity is not r('quired in the following argument.) Let A~, B~ be the pure subgroups of Gx generated by el, e2 respectively, and let )Cx be the characteristic of the torsion group G~/(A:~+B:~). Arguing as in Case (I), we can also suppose that for all xEX, k:,: does not belong to tile zero-type.
Since a~=a for all xEX, it follows that there is a fixed set P of primes such that 
d = (a+d) 2-4(ad-bc).
Let QE(G~) be the ring of quasi-endomorphisms of G~; i.e. QE(Gx) consists of those linear transformations r/EMat2(Q) such that there exists an integer m~=0 with mr/E End(Gx), the endomorphism ring of Gx. (For example, see [18, Section 12.7] .) It follows that CMat2(Q)(S):S, and hence C is the multiplicative group of the field S. Consequently N is abelian-by-finite, and so N is amenable.
This completes the proof of Theorem 1.6.
A cocycle reduction result
In this section, we shall prove Theorem 2. and for each F-subgroup H(F) of 
GL,~(F), we define H(F(S))=H(F)MGLn(F(S)).
Theorem 2.3 is a straightforward consequence of the following theorem, which collects together results of Zimmer [26] and Adams-Spatzier [2] . 
